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ABSTRACT

The Mellin transform is an integral transform that may be regarded as the multiplicative version of the two-sided
Laplace transform and the Fourier transform is a reversible, linear transform with many important properties.
Mathematically, Mellin Transform is closely related to Fourier Transform, and is often used in number theory,
mathematical statistics, the theory of asymptotic expansions and Fourier Transform was first introduce to solve
PDEs and also has enormous applications in mathematical physics, engineering and applied sciences. Although the
applications of these two integral transform are different from each other but combination of these two integral
transform may be helpful in solving different problems which could not be solved by using these transforms
separately.

In the present work, we have proved the Modulation and Parseval’s Theorem of Two Dimensional Fourier-Mellin
Transform.

KEYWORDS: Fourier Transform, Mellin Transform, Generalized function, Two dimensional Fourier-Mellin
Transform.

INTRODUCTION

We know, the Modulation theorem of integral transform is a linear phase shift in time domain results in a frequency
domain and the Parseval’s theorem is the integral of the square of a function is equal to the integral of the square of
its transform.

The Fourier transform (FT) is a linear, reversible transform with many more important properties. F(s) is a Fourier
transforms for any function f(x), where x is a measure of the time domain and so s corresponds to the frequency-
domain. It was first introduce to solve PDEs and also has enormous applications in mathematical physics,
engineering [1]. By Bosi and Goldberg [2], FT is essential to understand how a signal behaves when it passes
through filters, amplifiers and communications channels. It is applicable in image processing such as
Transformation, representation, encoding, smoothing and sharpening images, It also uses in data analysis [3]. FT lies
at the heart of signal processing including audio, speech, images, videos, seismic data, radio transmissions and also
applicable in many modern technological advances including television, music CD’s, DVD’s, cell phones, movies,
computer graphics, image processing, fingerprint analysis and storage, every mobile device such as net book,
notebook, tablet, and phone have been built in high-speed cellular data connection [4].

Similarly in Mathematics, the Mellin transformis anintegral transform and it may be regarded as
the multiplicative version of the two-sided Laplace transform. It is closely related to the Fourier transform, the
theory of the gamma function, allied special functions and is often used in number theory, mathematical statistics,
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and the theory of asymptotic expansions. It also applicable in the analysis of water-wave problems such as the
trapping of waves by submerged plates, this method seems to be wider applicability [5].

The Fourier-Mellin Transform (FMT) is used in computer, for recognition and differentiation of image of plant
leaves due their translation, rotation and scale-invariance property [8]. The first investigator to use a version of
Fourier-Mellin Transform was Brousil and Smith in 1967[6]. The next pioneer attempting at applying the FMT was
investigated by Robbins and Huangs in 1972, they apply FMT for various optical distortion namely noise, in lenses
[7]. Using [8], we can write the integral definition of Two Dimensional Fourier-Mellin Transform as-

The Two Dimensional Distributional Fourier-Mellin Transform with parameters s, u, p, v of f(¢, 1, x, y) is given by-
FM{f(t,l,x,y)} = F(s,u,p,v)
=[S S Fe L x,y) e (CHUD xp=1yv=L gr dl dx dy

Also, we can write definition of the Distributional Two dimensional Fourier- Mellin Transform of Generalized
FMg p a4 function is-

FM{f(t,L,x,y)} = F(s,u,p,v) = (f(t, L, x,y), e tHubyxp=1yv=1)

Where, for each fixedx(0 < x < ©0),y(0 <y < 0),t(0 <t < »),l(0 <[ < ). The R.H.S. of above has sense of
an application of f(t,l,x,y) € FM}, qq t0 e CHWIxPlyv=1 e FM 1o FMpcaq is dual space of
FMgpcaq- Here in the present paper, we generalized the two dimensional Fourier-Mellin Transform in the
distributional sense.

From our previous work, the Inversion formula for the Distributional two Dimensional Fourier-Mellin Transform is
defined as-

f@Lxy)

= lim )
rar! v'sw 16T

1

f_rr f_TT f_rrr f_TTfF(S. w,p,v) eGPy g du dp dv

The outline of this paper-

Parseval’s Theorem for the Distributional Two Dimensional Fourier-Mellin Transform is proved in Section 1.
Section 2, gives the Modulation Theorem for the Distributional Two Dimensional Fourier-Mellin Transform. Lastly
we conclude the present paper. The notations and Terminologies are given as per A.H. Zemanian[11].

PARSEVAL’S THEOREM
Theorem If FM{f(t' l; x' }’)}(S; ul p! v) = F(S! ul p! U) and FM{g(t, l: xl Y)}(S; ul p: U) = G(S! u' p' U) then
17 f(tLx,y) g(E L x,y) dt di dx dy

_ 1
4mt

il [ 17 1 [1f (6 Lx,y)I? dtdldx dy

_ 1
4mt

S fooo f(;n FM{xyf(t,L,x,y)}(s,u,p,v) G(s,u,p,v) ds du dp dv

f_woo f_woo fooo f;|F(S,U, p,v)|? ds dudp dv
Proof:-We have

FM{f(t, 1, x,y)}(s,u,p,v) = F(s,u,p,v)
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= f_woo f_woo fow fowf(t' Lx,y) e—i(st+ul) xp—lyv—l dt dl dx dy

By using Inversion formula for Two dimensional Fourier-Mellin Transform, We have-

fLxy)

= lim — SO T F(s,up,v) efH DX Py Y ds du dp dv

7 4
r,T,r,T >0 167

f&Lx,y)

_ 1
16wt

f(t' l'x:y)

_ 1
4mt

f_io f_io f_io f_i)F(S, u,p,v) Gt =Py=Y ds du dp dv

IS0 Sy Fls,up,v) et Dx Py ds du dp dv
Now it’s conjugate is-

f(t' l'x:y)

_ 1
4mt

IS0 Sy Fls,up,v) e "6t ubyPy? ds du dp dv
And

gt Lxy)

_ 1
4mt

[ fow fowm et by Py ds du dp dv
Consider,

I Sy e Lxy) gt Lx,y) de dl dx dy

=12 I 0 Jy fLxy) dt dldx dy

(07 0 0 1 Gl wp,v) e S OxPyY ds du dp dv)

ot
= L S GG wp ) ds du dp dv
U L [ xy f(6 L x,y) e Ctrubyxp=1yv=1 gt ql dx dy]}

I 01t L%, y) gt Lx, y) dt dl dx dy

_ 1

T 4mt

I 1 0 0 FMIxy £t 1%, )10, u,p,v) G(s,u,p, v) ds du dp dv

Putting-
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f&lLxy) =gtlLxy)

F(s,u,p,v) = G(s,u,p,v)

F(s,u,p,v) = G(s,u,p,v)
By using the above result we have-

Jo I 6 Lxy) 6 L x,y) dt dl dx dy

_ 1
4m*

S 1 S F(s,up,v) F(s,u,p,v) ds du dp dv

F @ L y)I? dedldx dy

= [ 0 I F (s, p, v)? ds du dp dv
Hence Proved.

MODULATION THEOREM
i] Prove that-

FM{f(t, 1, x,vy) cos(at + bl + cx + dy)}(s,u,p, v)

1 . .
= E{FM[el(”‘*dy)f(t, Lx,»)|(s —au—b,p,v) + FM[e ") £(t,1,x,9)]|(s + a,u + b,p,v)}

Proof:- We have
FM{f(t,1,x,y) cos(at + bl + cx + dy)}(s,u,p,v)

= fio fio fooo f;of(t, 1,x,y) cos(at + bl + cx + dy) e iStHuD xP=1yv=1 gt dl dx dy

i(at+bl+cx+dy) 4 o —i(at+bl+cx+dy)

I feLay [t - | evitstru xp=1yr=t 4 di dx dy

%{f_oow f_ooOo fooo fowf(t' Lx,y) ellat+bl+cx+dy) p—i(st+ul) xp—lyv—l dt dl dx dy

+ f_oooo f_ooOO fooo f(:of(t: L x, y) e~ iat+bltcx+dy) o—i(st+ul) xp—lyv—l dt dl dx dy}

i{fjow f_ocOO fooo f:f(t’ Lx,y) ellex+dy) p—i[(s—a)t+(u—b)l] xp—lyv—l dt dl dx dy
n fjow f_cx; fooo fowf(t' Lx, y) e ~i(cx+dy) p=i[(s+a)t+(u+b)i] xp—lyv—l dt dl dx dy}

FM{f(t,1,x,y) cos(at + bl + cx + dy)}(s,u,p,v)

1 . .
= E{FM[e‘(C“d”f(t, Lx,Y)|(s —au—b,p,v) + FM[e ") £(t,1,x,9)|(s + a,u + b,p,v)}

ii] Prove that-
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FM{f(t,1,x,y)sin(at + bl + cx + dy)}(s,u,p,v)

1 , .
= E{FM[el(C’”dy)f(t, Lx,»)|(s —a,u—b,p,v) — FM[e ") £(t,1,x,9)|(s + a,u + b,p,v)}

Proof:- We have

FM{f(t, 1, x,y) sin(at + bl + cx + dy)}(s,u,p,v)

=2 17 Jf F(t Lx,y)sin(at + bl + cx + dy) e {6tHuD xP=1yv=1 g dl dx dy

i(at+bl+cx+dy) —e —i(at+bl+cx+dy)

I feL ) [ = | evitstru xp=1yv=t 4 dl dx dy

%{fj‘; f_“ooo fow fowf(t’ I x, y) ei(at+bl+cx+dy)e—i(st+ul) xp—lyv—l dt dl dx dy

— f_“ooo f_woo fooo fowf(t: L,x,y) e~i(at+bl+cx+dy) p—i(st+ul) xp—lyv—l dt dl dx dy}

%{fj‘; f_“ooo fow fowf(t’ I x, y) ei(cx+dy)e—i[(s—a)t+(u—b)l] xp—lyv—l dt dl dx dy

- f_”; f_ww fooo fowf(t‘ Lx,y) e~i(cx+dy) p=il(s+a)t+(u+b)l] xp—lyv—l dt dl dx dy}

FM{f(t,1,x,y)sin(at + bl + cx + dy)}(s,u,p,v)

1 . .
= z—i{FM[e‘(C’”dy)f(t, Lx,Y)|(s — a,u—b,p,v) — FM[e "+ £(t,1,x,9)|(s + a,u+ b,p,v)}

Hence Proved.

CONCLUSION
In the present work, Modulation and Parseval’s Theorem for the Two dimensional Fourier-Mellin Transform are
proved.
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